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Abstract. It is conjectured that there exist only finitely many isomorphism 
classes of endomorphism algebras of abelian varieties of bounded dimension 
over a number field of bounded degree. We explore this conjecture when 
restricted to quaternion endomorphism algebras of abelian surfaces of GL2- 
type over Q by giving a moduli interpretation which translates the question into 
the diophantine arithmetic of Shimura curves embedded in Hilbert surfaces. 
We address the resulting problems on these curves by local and global methods, 
including Chabauty techniques on explicit equations of Shimura curves. 



1. Introduction 

Let A/K be an abelian variety defined over a number field K. For any field 
extension L/K, let Endi(A) denote the ring of endoniorphisnis of A defined over 
L and End" (A) = EndL(A) (g) Q. A conjecture, which may be attributed to Robert 
ColemarQ, asserts the following. 

Conjecture C{e,g) : Let e, g > 1 be positive integers. Then, up to isomorphism, 
there exist only finitely many rings O over Z such that EndL(y4) ~ O for some 
abelian variety A/K of dimension g and a field extension L/K of a number field 
K of degree [K : Q] < e. 

The conjecture holds in dimension 1: by the theory of complex multiplication, if 
E/K is an elliptic curve and L/K is an extension of number fields, then Endi(i?) 
is either Z or an order O in an imaginary quadratic field Q{\/—d) such that the ring 
class field Ho attached to O is contained in K{^/^). Thus [Ho : Q] < 2[K : Q]. 
Since [Ho ■ Q] — 2h{0), where we let h{0) denote the class number of O, Conjec- 
ture C(h, 1) is now a consequence of the Brauer-Siegel Theorem [29l Chapter XVI, 
Theorem 3], which implies that for given e > 1, there exist finitely many imaginary 
quadratic orders O such that h{0) < e. 

Assuming the generalized Riemann hypothesis and using similar ideas. Green- 
berg announced [22j a generalization of the above statement to abelian varieties of 
arbitrary dimension 5 > 1 with multiplication by orders in complex multiplication 
fields of degree 2g. 
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Another instance that motivates Coleman's conjecture stems from the celebrated 
work of Mazur 31 , as we now explain. Let Ei, E2/Q be elliptic curves without CM 
over Q and A — EiX £2- Then, it is easily checked that EndQ(yl) ~ Z x Z if i?i and 

E2 are not isogenous over Q, and EndQ(A) ~ Mo{N) := { e M2(Z), N \ c} 

if there is a cyclic isogeny of degree N between Ei and E2- By [31, Theorem 1] (for 
N prime) and the discussion on [211 p. 131] (for arbitrary N), this holds for only 
finitely many values of N. 

As in [35l p. 191], we say that an abelian variety A defined over Q is of GL2- 
type over Q if the endomorphism algebra EndQ(A) is a number field E of degree 
[£' : Q] = dim A. These abelian varieties had been introduced by Ribet in [36l 
p. 243] (in a slightly more general way) and this terminology is motivated by the 
fact that if i? is a number field of degree dim A which is contained in EndQ(A), 
then the action of Gal (Q/Q) on the £-adic Tate module associated with A defines 
a representation with values in GL2(£' ^ Q^). According to [35', p. 244], E must be 
either a totally real or a complex multiplication number field. 

An abelian variety A is called modular over Q if it is a quotient of the Jacobian 
variety Ji{N) of the modular curve Xi{N) defined over Q. If moreover A is simple 
over Q, its modularity over Q is equivalent to the existence of an eigenform / g 
5'2(ri(A'^)) such that A is isogenous over Q to the abelian variety Af attached by 
Shimura to /. As is well-known, all simple modular abelian varieties A over Q are of 
GL2-type over Q and the generalized Shimura- Taniyama- Weil Conjecture predicts 
that the converse is also true (cf. e. g. [33 P- 189]). As was shown by Ribet in [5S1 
Theorem 4.4], this conjecture holds if Serre's Conjecture [44j Conjecture 3.2.4?] is 
assumed. 

As we mentioned. Conjecture C{e,g) is settled for e > 1, g = 1. For the 
particular case e = 1, we have that if E/Q is an elliptic curve over Q and L/Q 
is a field extension, then Endl{E) = Q or Q(v^) for d = 1,2,3,7,11,19,43,67 
or 163. On the other hand, the case 5 > 2 is completely open. The aim of this 
article is to address the question for quaternion endomorphism algebras of abelian 
surfaces of GL2-type over Q. 

In general, it is known that if A is an absolutely simple abelian surface of GL2- 
type over Q then, for any number field L, the endomorphism algebra End^(A) 
is either a real quadratic field or an indefinite division quaternion algebra over Q 
(cf. [35l Proposition 1.1, Theorem 1.2 and Proposition 1.3]). 

We recall some basic facts on the arithmetic of quaternion algebras (cf. [49l Ch. I 
§1 and Ch. Ill, Theorem 3.1] for these and other details). A quaternion algebra B 
over Q is a central simple algebra B of rank 4 over Q. For any a, 6 G Q* , one can 
define the quaternion algebra (^) ^ Q + Qi + Qj + Qij, where ?^ = a, = b and 

ij = —ji. Any quaternion algebra is isomorphic to (^) for some a,b (£ Q*. The 
reduced discriminant of B is the square-free integer D — disc(i?) Y[P^ where 
p runs through the (finitely many) prime numbers such that _B (g) Qp 9^ M2(Qp). 
Since for any square-free positive integer D there exists a (single up to isomorphism) 
quaternion algebra B with disc(i?) = D, we shall denote it by Bjj. We have D = 1 
for B = M2(Q), and this is the only non division quaternion algebra over Q. A 
quaternion algebra B over Q is called indefinite if _B (g) M ~ M2(M) or, equivalently, 
if D is the product of an even number of prime numbers. 
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For a ^ B, let a denote its conjugate and write n : B-^ Q and tr : B^ Q for 
the reduced norm and the reduced trace on B, respectively. An order O in S is a 
subring of B of rank 4 over Z such that n(Q!),tr(Q!) € Z for all a e C The order 
is maximal if it is not properly contained in any other order. If Bjj is indefinite, 
there exists a single maximal order in Bjj up to conjugation by elements in B'^, 
which we will denote by Od- 

Definition 1.1. Let m > 1 and D = pi---p2r for some r > 1 be square-free 
integers and let Bo be a quaternion algebra over Q of discriminant D. We say the 
pair {D, m) is modular over Q if there exists a modular abelian surface A/Q such 
that 

End|(^) ~ Bd and End^(^) ~ Q(V^). 

We say the pair [D, m) is premodular over Q if there exists an abelian surface 
A of GIj2 -type over Q such that 

End^(A) ~ Bd and End^(A) ~ QiVm). 

We state a particular consequence of Coleman's Conjecture separately. 

Conjecture 1.2. The set of premodular pairs {D,m) over Q is finite. 

It is worth noting that, given a fixed quaternion algebra Bjj, there arc infinitely 
many real quadratic fields Q_{y/rri) that embed in Bjj, since any field Q(y^) with 
m such that (f) ^ 1 for all p\D does embed in Bd (cf. [49l Ch. Ill §5 C]). Thus, 
the finiteness of premodular pairs {D,m) over Q for a fixed D is also not obvious 
a priori. 

A further motivation for Conjecture 11.21 is computational. Define the minimal 
level of a modular pair (Z?, m) as the minimal N such that there exists a newform 
/ G S'2(ro(iV)) with {BD,Q{Vm)) ~ (End|(A/),EndJ^(A/)). The computations 
below are due to Koike and Hasegawa [53] for N < 3000. By means of Steins's 
program Hecke implemented in |30| . we extended these computations for N < 7000. 

Proposition 1.3. The only modular pairs {D,m) of minimal level N < 7000 are: 



{D,m) 


(6,2) 


(6,3) 


(6,6) 


(10,10) 


(14,7) 


(15,15) 


(22,11) 


N 


675 


1568 


243 


2700 


1568 


3969 


5408 



In Theorem 11.41 (iv) we show that the above are not the only examples of pre- 
modular pairs (Z?, to) over Q. According to the generalized Shimura-Taniyama-Weil 
Conjecture in dimension two, these pairs should actually be modular pairs. 

On the other hand, it is remarkable that not a single example of a pair {D,m) 
has ever been excluded from being modular or premodular over Q. In this work we 
present the first examples, either obtained by local methods or by methods using 
global information, summarised in the following result, which we shall prove by the 
end of Section 6. 

Theorem 1.4. 

(i) // (-D,to) is a premodular pair over Q, then m = D or m = ^ for some 

prime number p \ D which does not split in Q{y/D/p). 

(ii) Let p, q be odd prime numbers. If {-) = 1 or p = 1 mod 12 or p = q = 1 
mod 4, then (p ■ q, q) is not premodular over Q. 
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(iii) The pairs 

[D, m) e {(10, 2), (15, 3), (15, 5), (21, 3), (26, 2), (26, 13), (33, 11), (38, 2), (38, 19), 
(46, 23), (51, 3), (58, 2), (91, 91), (106, 53), (115, 23), (118, 59), (123, 123), 
(142, 2), (155, 5), (155, 31), (155, 155), (158, 158), (159, 3), (202, 101), (215, 43), 
(326, 326), (446, 446), (591, 3), (1247, 43)} 

are not premodular over Q. 

(iv) The pairs 

(D, m) G {(6, 2), (6, 3), (6, 6), (10, 5), (10, 10), (14, 7), (14, 14), (15, 15), 
(21, 21), (22, 2), (22, 11), (22, 22), (33, 33), (34, 34), (46, 46), (26, 26), 
(38, 38), (58, 29), (58, 58)} 

are premodular over Q. 

(v) Let D > 546. Then there exist only finitely many Q-isomorphism classes 
of ahelian surfaces A of Glj2-type over Q such that EndQ(A) ~ Od- 

(vi) For the pairs 

{D, m) e {(6, 2), (6, 3), (6, 6), (10, 5), (10, 10), (14, 14), (15, 15), (21, 21), 
(22, 2), (22, 11), (22, 22), (33, 33), (34, 34), (46, 46)}, 

there exist infinitely many Q-nonisomorphic abelian surfaces A defined over 
Q such that EndQ(A) ~ Q{y/m) and Y.nd^{A) ~ Od- 

(vii) Up to isomorphism over Q, there exist exactly two ahelian surfaces A/Q 
with EndQ(^) ~ Q(\/7) and ¥.nA-^[A) ~ On. 

All pairs {D,m) for D < 34 are covered by Theorem 11.41 As a particularly 
interesting example, we obtain that there exists no abelian surface A of GL2-type 
over Q such that End^(A) ~ iJiss: indeed, by Theorem ll.4l (i) and (in) none of the 
pairs (155, to) are premodular over Q. 

Note also that it follows from Theorem ll.4l (ii) and the Cebotarev Density Theo- 
rem that there actually exist infinitely many pairs {p-q, q) which are not premodular 
over Q. 

The strategy followed in this paper is to prove that the condition for a pair 
{D^m) to be premodular over Q is equivalent to the existence of a point in a 
suitable subset of the set of rational points on an Atkin-Lehner quotient of the 
Shimura curve canonically attached to Od- 

The article and the proof of Theorem 11.41 are organized as follows: In Section 2 
we introduce Shimura curves, Hilbert surfaces and forgetful maps between them. In 
Section 3 we use the diophantine local properties of Shimura curves to prove parts 
(i) and (ii) of Theorem 11.41 as a combination of Theorem 13.21 and Proposition 13.41 
In Section 4 we prove a descent result on the field of definition of abelian surfaces 
with quaternionic multiplication. In Corollarv l4.10[ we show how part (v) follows 
from our results combined with the work in [38| . Finally, in Sections 5 and 6 we 
prove the remaining parts of Theorem 11.41 by means of explicit computations and 
Chabauty techniques on explicit equations of Shimura curves. 

2. Towers of Shimura curves and Hilbert surfaces 

We recall some basic facts on Shimura varieties and particularly on Shimura 
curves and Hilbert surfaces. Our main references are [3H Sections 1 and 2], [TJ 
Ch. Ill] and [TH Sections 1, 2 and 3]. Let § — Resc/R(Gm,c) be the algebraic group 
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over M obtained by restriction of scalars of the multiplicative group. A Shimura 
datum is a pair (G, X), where G is a connected reductive affine algebraic group 
over Q and X is a G(R)-conjugacy class in the set of morphisms of algebraic groups 
Honi(§,GR), as in Definition 1.4]. 

Let Af denote the ring of finite adeles of Q. As in [32l Section 1.5], for any 
compact open subgroup U of G(A/), let 

Shu{G,X)(C) = G(Q) \ {X X G{Af))/U, 

which has a natural structure of quasi-projective complex algebraic variety, that we 
may denote by Sh(j{G,X)c. 

Let {G,X) and {G',X') be two Shimura data and let U, U' be compact open 
subgroups of G{Af) and G'{Af), respectively. A morphism / : G ^ G' of algebraic 
groups which maps X into X' and U into U' induces a morphism 

Shf : Sha(G,X)c ^ Shc/-(G',X')c 

of algebraic varieties (cf. [321 Section 1.6.3]). 

In this section, we consider two particular instances of Shimura varieties: Shimura 
curves attached to an indefinite quaternion algebra and Hilbert surfaces attached 
to a real quadratic number field. 

2.1. Shimura curves. Let Bd be an indefinite quaternion algebra over Q of re- 
duced discriminant D and fix an isomorphism $ : Bd®M^ M2(M). Let On d 
be a maximal order and let G/Z be the group scheme OJ^. We have that G(Q) = i?^ 
and G{Af) — Y\pO}jp, where for any prime number p, we let Oo.p = Od ® Zp- 

Let X ~ be the GL2(M)-conjugacy class of the map a + bi ^ . As 

complex analytical spaces, is the union of two copies of Poincare's upper half 
plane H. 

For any compact open subgroup U of G(A/), let Xu^c = Shj/(G, X)c be the 
Shimura curve attached to the Shimura datum (G, X) and U. It is the union 
of finitely many connected components of the form \ H, where F^ are discrete 
subgroups of PSL2(K). 

Fix a choice of an element n E On such that fi^ + S — ioi some S E Q* ,6 > 
and let : Bd^Bd, P ^ fi^^Pfi. For any scheme S over C, let Tu.jj.{S) be 
the set of isomorphism classes of {A, u, v, £), where A is an abelian scheme over S, 
t : Od ^ Ends (A) is a ring monomorphism, i/ is an ?7-level structure on A and C 
is a polarization on A such that the Rosati involution * : Endg(^) End5(A) is 

on Bu (cf. [H p. 128]). As is well known, Xij,c coarsely represents the moduli 
functor J^u.fj.- 

A point [A, t, v, C] G Xu^c{<C) is called a Heegner point or a CM point if l. is not 
surjective or, equivalently, if A is isogenous to the square of an elliptic curve with 
complex multiplication (cf. [25l pp. 16-17], [40l Definition 4.3]). 

The modular interpretation implies that the reflex field of the Shimura datum 
(G, X) is Q and that Xjj^c admits a canonical model Xu^q over Q, which is the 
coarse moduli space for any of the above moduli functors J^u,fj. extended to arbitrary 
bases over Q (cf. [1] Ch.III, 1.1-1.4], 32, Section 2]). The isomorphism class of the 
algebraic curve Xij,q does not depend on the choice of /i G Od, although its moduli 
interpretation does depend on /z. This is due to the following remarkable property: 
given a triplet {A, l, u) as above, each choice of an element /x S Od, + 5 — 
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(5 > 0, determines a single reduced polarization £p compatible with {A, l, v). Given 
Aii,/^2 e Od, fJ-i + Si — 0, 5i > for i ^ 1,2, the natural isomorphism between 
•^c/,/ii and J-u,fi2 provided by the map [A, l, v, ^ [A, l, v, C^^]. 

As a particular case, let O C Od be an integral order contained in O^i, and let 
O* = O*. Let us simply denote by Xq^q the Shimura curve Xu^q_ for U = O* . 
Again, for any fixed /i G B'^, /i^ +5 = 0, it admits the following alternative modular 
interpretation: Xo^q coarsely represents the functor JF^./j • Sch/Q^ Sets , sending 
a scheme 5* over Q to the set of isomorphism classes of triplets {A,l,£), where 
(A^C) is a polarized abelian scheme over S as above and l : B]j ^ Endg(A) is a 
ring monomorphism such that l{Bd) D Ends (A) = '^(C)- 

The Atkin-Lehner group of Xq^q is the normalizer Wo = Norm^j^ (C')/Q* • O* . 
There is a natural action of Wo on the functor To.^'- for any [u] e Wo, we have 
w : J^o,ti{S)^To,^i{S), {A,L,L) ^ {A^uj^'^llo^L^), where denotes the single 
reduced polarization compatible with {A,lij~^luj). This action induces a natural 
immersion Wo C AutQ(Xc)^Q) (cf. [551 Proposition 1.2.6]). 

When Od is a maximal order in Bd, Wod — (Z/2Z)^'', where 2r = #{p prime : 
p\D} is the number of ramified primes of D. A full set of representatives of Wod 
is {ujrn, ■ m\D,m > 0}, where tOm € Od, n(a;,„) — m. As elements of Woo, these 
satisfy = 1 and aJm • w„ = Wmn for any two coprime divisors to, n\D (cf. |251 
Proposition 1.2.4], [Sg! Section 1]). 

2.2. Hilbert surfaces. Let be a real quadratic extension of Q, let Rp be its ring 
of integers and let G be the Z-group scheme ReSfl^/z(GL2(i?_F)). Since F(^M. ~ R^, 
we have G(R) = GL2(IR) x GL2(M). Let X = H± x H±. For any compact open 
subgroup U of G{Af), let 7?t/,c = Sh[/(G,X)c be the Hilbert surface attached to 
the Shimura datum {G,X) and U as in the first paragraph of [Ml Section 2]. 

The Hilbert surface Hjj^c admits, in the same way as Xu,c, a canonical model 
Hu,Q over Q which is the coarse moduli space of abelian surfaces {A, j, v, C) together 
with a ring homomorphism j : Rp—^ End(A), a U -level structure and a polarization 
£ on A such that *\j{Rp) is the identity map. When U is the restriction of scalars 
of GL2(^) for a given quadratic order R C Rp, we write i?_R,Q Shij{G,X)q. As 
in the Shimura curve case, -ff^.Q can also be regarded as the coarse moduli space 
of polarized abelian surfaces with real multiplication by R and no level structure 
(cf. [113.1]). 

A point P S iJ[/,c(C) is called a Heegner point or a CM point if the underlying 
abelian surface A has complex multiplication in the sense of Shimura-Taniyama 
(cf. [m Definition 1.2 and Lemma 6.1]): the cndomorphism algebra End£(A) con- 
tains a quartic CM-field. 

2.3. Forgetful maps. We consider various forgetful maps between Shimura curves 
and Hilbert surfaces with level structure. 

For any integral quaternion order O of Bd, let O* C 0*jj be the natural inclusion 
of compact groups. The identity map on the Shimura data (0^,111*) induces a 
morphism 

Xo,Q — * XooM 

which can be interpreted in terms of moduli as forgetting the level structure: 
[A,i,iy,C]^[A,i,C]. 
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Similarly, for any quadratic order R of F, there is a natural morphism 

Finally, let i? C O be a real quadratic order optimally embedded in O, which 
means that R — F (1 O, and fix an element G B^^, + S — 0, 6 £ Q* , 6 > 
symmetric with respect to R (that is, Qf^lR — 1_r). Regard Xo,q as representing the 
moduli fimctor J^o,^,- Attached to the pair there is a distinguished forgetful 

morphism 

[A,L:0->End{A),C] ^ [A, : R~^End{A), C] 

of Shimura varieties which consists on forgetting the ring endomorphism structure 
in the moduli interpretation of these varieties. 

Let R' be a quadratic order of F optimally embedded in Od- Writing R — R'nO, 
we obtain the following commutative diagram. 

> Xojj,Q 

Hr.q > Hri^q 

The main consequence we wish to derive from the above is simply a translation 
into terms of moduli of the problem posed in Section [TJ 

Proposition 2.1. Let Bd be an indefinite division quaternion algebra over Q, let 
Od be a maximal order and let F = Q(\/m) for some square-free integer m > 1. 

Assume that, for any order R of F, optimally embedded in Od, and fi G B'^ 
symmetric with respect to R, the set of rational points of t:(r^^j_){Xo^^iq) in the 
Hilbert surface Hr^q, consists entirely of Heegner points. Then, the pair (D, m) is 
not premodular over Q. 

Proof. Let A/Q be an abelian surface such that EndQ(A) = F = Q{y/rn) and 
End^(A) ^ Bd- Let R = EndQ(A) and O = End^{A), which we will regard as 
an order in F and an order in Bd respectively. By construction, the order R is 
optimally embedded in O. Since A is projective over Q, it admits a (possibly non- 
principal) polarization C defined over Q. Let * denote the Rosati involution on 
Bd induced by C By [HI Theorem 1.2 (4)], we have * = for some n € B*jj 
with /x^ + (5 = for some ^ G Q*, (5 > 0. By choosing an explicit isomorphism 
L : O EndQ(A), the triplet {A, l,C) produces a point P in Xc)^q(Q), when we 

regard the Shimura curve as coarsely representing the functor J-q.^,- 

Moreover, we have l^r : R ~ EndQ(j4). From the fact that C is defined over Q, 

it follows that *\r is an anti-involution on R. Since R is totally real, it follows that 
is the identity. Hence, the point P is mapped to a point Pr G Hr,q{Q) by the 

forgetful map Tr{R,^) : Xq^^Hr^q. 

Let O/) be a maximal order in Bd containing O and let R' = F C] Od, where 

we regard F = i? Q as naturally embedded in Bd ■ By the above commutative 

diagram of Shimura varieties, we obtain a point Pr/ G Hr/^q(Q) which lies in the 

image of the forgetful map Xo^^q-^Hri ^q. 

Since End^(A) ~ is a quaternion algebra, it contains no quartic CM- fields 

and thus Pr/ is not a Heegner point. This proves the proposition. □ 
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The relevance of Proposition 12.11 to our problem is the following. Firstly, it trans- 
lates the condition for a pair (D,m) to be premodular over Q into the existence of 
a suitable rational point on a projection of a Shimura curve. Secondly, note that 
{D, m) is a premodular pair over Q if there exists an abelian surface A/Q such that 
EndQ(A) is an order in Q{\/m) and EndQ(A) is an order in the quaternion algebra 
Bo ■ Proposition 12.11 reduces our problem to study the set of rational points on 
the Shimura curve Xo^M attached to a maximal order in Bo- These curves have 
been extensively studied, rather than the more general curves Xo attached to an 
arbitrary quaternion order. 

3. Atkin-Lehner quotients of Shimura curves 

Fix a maximal order Oo in an indefinite division quaternion algebra Bo of 
discriminant D and let us simply denote Xo — Xq^ q. As explained in Section 
12.11 Xo is equipped with the Atkin-Lehner group of involutions Wo — {w„j : 
m I D} C AutQ(ArD). For m \ D, let X^^ be the quotient curve Xo/{(^m) and 
: Xo—^X^j^^ the natural projection map. 

For any extension field K/Q, let Xo{K)h denote the subset of Heegner points 
of Xo(K) and let Xo{K)nh = Xo{K)\Xo{K)h the set of non-Heegner points 
over K. Similarly, set X%^\K)h - 7r„(Xi5(Q)^) n x'^^'\k) and xj,"Hif)„ft = 

x^^\k)\x^^\k)^. 

Proposition 3.1. Let Xo be the Shimura curve of discriminant D attached to the 
maximal order Oo as above. Then, 

(i) xom = 9. 

(ii) There exists no abelian surface A/M. such that EndR(y4) D Oo- 

Proof- (i) is |47[ Theorem 0] when particularized to Shimura curves, (ii) follows 
from (i) and the moduli interpretation of Xo described in Section [2T] □ 

Theorem 3.2. Let m > 1 be a square-free integer. Assume that the pair (D, m) is 
premodular over Q. Then, 

(i) m\D and all prime divisors p\— do not split in 'Q{^/m,). 

(ii) xl^\QU^i!i. 

Proof. Assume that {D,m) is premodular over Q. By Proposition 12. 1[ there 
exists an order R oi F — Q{\/rri) optimally embedded in Oo and /i G Oo, + 5 = 
0, (5 > 0, symmetric with respect to R such that the set of rational points of 
7i'(_R./i)(^C'r),Q) in the Hilbcrt surface Hr.q contains a non-Heegner point. 

Assume first that m \ D. It was shown in ^40', Theorem 4.4], (cf . also [411 
Section 6] when 5 = D) that there is then a birational equivalence 

'^(R.,ti){XoD,Q) ^D- 

This birational morphism is defined over Q and becomes a regular isomorphism 
when restricted to the set of non-Heegner points. By Proposition 13.11 we obtain a 
contradiction. 

Assume now that m\D- Since the anti-involution restricts to the identity map 
on R, we have that Bo ^ i^w^)- A gain, it follows from 40j Theorem 4.4], that 
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there is a birational equivalence 



which is defined over Q and that becomes a regular isomorphism when restricted 
to the set of non-Heegner points. We conclude that X^\q) must contain a non- 
Heegner point. Moreover, since F must embed in B, [49', Ch. Ill §5 C] applies to 
ensure that all primes p\D do not split in F. □ 

As an immediate consequence of (i), we obtain the following corollary. 

Corollary 3.3. Given a discriminant D of a division quaternion algebra over Q, 
the set of modular pairs (Z?, m) is finite. 

In view of Theorem 13. 2[ the diophantine properties of these curves are crucial 
for the understanding of Conjecture 11.21 We first study under what circumstances 
the curve x]^"'' has no points over some completion of Q. 

Proposition below is :43, Theorem 2.7]. Part (i) has also been shown in 8j by 
using supersingular abelian surfaces. 

Proposition 3.4. Let be as above. Then X'j^^\Qy) ^ for all places vofQ 

if and only if one of the following conditions holds: 
(i) m — D 

{a) m = D/l for a prime 1^2 such that 

•(f) = -i; 

• (a) (^p) ~ 1, {—^) 7^ 1 for all primes p \ m, or (b) ^ = 1 mod 4, 
p ^ I mod 4 for all primes p \ m; 

• if T > 2, then we have ( ~™^^ ) = —1 for all odd primes p \ m, and if 
2\D we also have either (—7^) = — 1, or q = 3 mod 4 for all primes 
q I D/2; 

• for every prime p \ D , p < Ag^ , there exists some imaginary quadratic 
field that splits Bjj and contains an integral element of norm p orpm. 

(iii) m = D/2 such that 

• rn ^ 1 mod 8; 

• p = 3 mod 4 for all p\ m, or p = 5 or 7 mod 8 for all p \ m; 

• if f ^ '2, then for every prime p \ m we have m/p ^ —1 mod 8; 

• for every prime p \ D , p < Ag^ , there exists some imaginary quadratic 
field that splits Bjj and contains an integral element of norm p orpm. 

As a direct consequence of the combination of Theorem 13. 21 and Proposition [2111 
we obtain Theorem 11.41 (i). When D = p ■ q is the product of two primes, the 
congruence conditions of parts (ii) and (iii) above simplify notably, as we state in 
Theorem [Ill(ii). 

As a consequence of part (i) , we conclude that global methods alone may enable 
us to prove that any pair {D, D) is not premodular. We also note that the last item 
of parts (ii) and (iii) of Proposition 13.41 allows us to produce isolated examples of 
pairs like (159, 3), (215, 43), (591, 3) and (1247,43) which are not premodular over 
Q and are not covered by Theorem 1 1.41 (ii). 

Finally we remark that [43] studies the failure of the Hasse principle for curves 
Xpq"^ over Q for suitable collections of pairs of primes p, q. As an example, it is 
shown in [43l Section 3] that -''^23''io7(Q) — ^ although it does have rational points 
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everywhere locally. Hence, we obtain that (23 • 107, 107) is not premodular over Q 
but this can not be derived from Theorem 11.41 (ii) . 

4. A DESCENT THEOREM ON RATIONAL MODELS OF ABELIAN SURFACES WITH 
QUATERNIONIC MULTIPLICATION 

Let A/K be an abelian variety defined over a number field K and let C he & 
polarization on it. Let Q be a fixed algebraic closure of Q containing K. Let Kq 
be the field of moduli of (A, £), that is, the minimal subfield Kq of K such that 
for each a G G&\{<Q^/ Kq) there exists an isomorphism fia : (A"', > (A, £) of 
polarized abelian varieties over Q. A similar definition works for a triplet (A, i, C) 
where l : R ^ End(yl) is a monomorphism of rings for a given ring i?, by asking 
the isomorphisms fi^r to be compatible with the action of i? on A (cf. 42] Section 1] , 
for more details). 

The following result is due to Weil [501 Theorem 3] . See also the first paragraph 
of [36l Section 8] for the specific statement for abelian varieties and a generalization 
in the category of abelian varieties up to isogeny. 

Proposition 4.1. A polarized abelian variety {A, C) / K admits a model over its 
field of moduli Kq if and only if for each a G Gal (Q/-R"o) there exists an isomor- 
phism /ig- : [A"^ , C")-^{A, C) such that j-ia^% = j-iar for any a,T Gal(Q/ifo)- 

Let Bd be an indefinite division quaternion algebra of reduced discriminant 
D = pi ■ ■ ■ P2n r > 1, and let Od be a maximal order in Bd. Let m > 1, m \ D. 

Lemma 4.2. Let (A, C)/K be a polarized abelian surface such that Fiiidq{A) ~ Od ■ 
Then Aut^{A, C) = {±1}- 

Proof Since F,nd^{A) ~ Od, it follows that AutQ(A) O}^ = {a e Od ■ 
n{a) — ±1}, which is an infinite group (cf. [JHl Ch. IV, Theorem 1.1]). Theorem 
2.2 in |39j attaches an element /x(£) G Bd to the polarization C and shows that 
AutQ(A,£) ~ {a G : a/i(£)a = n{C)} (cf. also 41, Theorem 1.2 (1)]). By [HI 
Theorem 1.2 (2-3)], fi{C)'^ + d = for some deZ,d>D. 

Let a G Ant^(A,C). We first observe that n{a) = 1: Lideed, if n{a) — —1 then 

a = —a~^ and thus fi(C)a = —aii(C). This implies that Bd — ( ~"q~'^ ), which 
contradicts the indefiniteness oi Bd- 

Hence, K\ii-^[A,C) ~ {a g O}^ : n{a) = \,^{C)a — a^(£)} ~ S'*, where 
S ~ nQ(/i(£)). Since S is an imaginary quadratic order in Q(^(£)) ~ Q(a/^) 
for d > £» > 6, we obtain that kni^{A,C) = {±1}. □ 

The next Lemma is Theorem 3.4 (C. (1)) of [T^ . 

Lemma 4.3. Let v4/Q be an abelian surface such that End/f (A) ~ Od over an 
imaginary quadratic field K and EndQ(^) ~ Q(-yTO). Then A admits a polarization 
C G i?°(Gal (Q/Q), NS(Aq)) of degree d > if and only if Bd =i (^^^). 

The next Lemma is essentially due to Ribet. 

Lemma 4.4. Let A/Q be an abelian surface such that EndQ(A) ~ Q{\/rri,) and 
End°,.(A) ~ Bd, where K = Q{V^), 6 > 0. Then Bd (^)- 

Proof. This is stated verbatim in [TOl Theorem 1]. However, note that the 
statement of [lUl Theorem 1] is restricted to modular abelian surfaces. By applying 
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and making explicit [361 Theorem 5.6], it is shown in 18, p. 133], that the same 
formula still holds for arbitrary abelian surfaces of GL2-type over Q. □ 

In Theorem 4.2], Murabayashi proved a descent result for principally po- 
larized simple abelian surfaces with quaternionic multiplication under certain hy- 
potheses. We give an alternative proof of his result that allows us to generalize it 
to arbitrarily polarized abelian surfaces and which is unconditionally valid. 

Theorem 4.5. There exists an abelian surface A/Q such that EndQ(A) ~ Q(v^) 
and EndQ(A) ~ On if and only if there exists Q G x'j^\Q)nh such that 7r~^((3) C 
Xjj{K) for an imaginary quadratic field K — Q{\/—S) with 

Proof. I. Assume first that there exists an abelian surface A/Q such that 
End^(A) ~ Q(V^) and End^{A) ~ Od- 

Let us show how can one attach to ^ a point Q e x'^"'\Q)nh- Let d > 1 be 
the minimal integer such that Bb c:i ( ~^'™ )- know from Lemma [4.31 that 
there exists a polarization C on A of degree d defined over Q. Fix an isomorphism 
L : Od EndQ(A) and let R = L~^(Endq{A)), which is isomorphic to a quadratic 
order of Q(\/to). Since EndJ^(A) is a real quadratic field, [12l Theorem 3.4 C] shows 
that EndQ(A) = EndK(A) = Od for some imaginary quadratic field K = Q{^/^). 

Let * : Bd~^Bd be the Rosati involution induced by C By [HI Theorem 1.2 
(2-3-4)], /3* = £'p(/3) = fJ-^^Pfi for some ^ G Od, fM^ + Dd = 0. If we regard the 
Shimura curve Xd as coarsely representing Tqo.ij., the triplet [A, i,>C] produces a 
point P in Xd{K). Note however that the triplet (A, i|jj,£) is defined over Q. 
Hence T^(R,fi){P) € ff/j^Q(Q). Since is symmetric with respect to i?, as in the 
proof of Theorem 13.21 the forgetful morphism t^(r.^) ■ Xd -fffl.Q is birationally 

equivalent to the composition of the projection tt^ : Xd—^X^^"^ and an immersion 

of X'^^ into Hr^q. To be more precise, as stated in [ilj Theorem 3.5], there exists 

j 

a possibly singular curve X ^ embedded in i?i{,Q such that t^{r^p) = j - b- Tim 

where b : xjf^^X is a birational map that becomes an isomorphism away from 
the set of Heegner points. Hence Q = -KmiP) G X^^\<!^)nh- Finally, by Lemma 
^Bd^{^). 

II. Conversely, let K — Q(-\/— (5) be an imaginary quadratic field. Assume that 
Bd (^1^) and let P e Xd[K) such that Q = 7r,„(P) € X^^\i^)r,h (and 
thus 7r-i(Q) = {P:^m{P)} C Xd{K)). Choose G Od, = -5, = m, 
/iw = —ijj[L and let R = Q(a;) n Od- Regard the Shimura curve Xd as coarsely 
representing J-Oo,iJ.- The element determines an embedding of K into Bd- As 
is stated in [531 Theorem 2.1.3], the point P S Xd{K) can be represented by the 
Q-isomorphism class of a polarized simple abelian surface with quaternionic multi- 
plication {Ao, lq,Cq) completely defined over K and such that the Rosati involution 
that Cq induces on Bd is g^. 

As in Part I, the condition TTmiP) G X^'^\Q)nh implies that 'T(R^fi){P) G 
Hr.iq{<Q), and this amounts to saying that the field of moduli of {Aq, lq^j^, Lq) is Q. 

For any number field F C Q, let Gf = Gal (Q/F). Let a G Gq\Gk- Then there 
exists an isomorphism v : Aq —f Aq such that v*{Cq) — Cq and v-u^^ -a-to — a'^ -u 
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for all endomorphisms a G Bd = Endj^(A). In particular, 
We split the proof into two parts. 

Ste-p 1 : We show that may be assumed to be defined over K. 

To prove this claim, we first note that since EndQ(74o) = Od, Aut/f (Aq, £0) = 
{±1} by Lemma [4.21 Let p^, : Gk Aut/^ (^0, -Co) = {±1} be the group homo- 
morphism defined by Pu{t) = v^^ ■ v'^ . 

Suppose that v was not defined over iiT, that is Pu(Gk) — {il}- Let LjK be the 
quadratic extension such that Gl — ker p^. Since L is the minimal field of definition 
of all homomorphisms in Hom(Ao,v4Q) and Hom(74Q , v4o), we deduce that L/Q is 
a Galois extension. Since K is imaginary, £/Q can not be cyclic and there exists a 
square- free integer d > 1 such that L — K{^/d). 

Let Vk = -ff°(Ao, ri^^^^) denote the vector space of regular differentials on A 

over K. Since Bu ~ End5^(A), the action of the endomorphisms on Vk induces 
an embedding * : B^ ^ Endi<-(VR-) ~ M2{K) and an isomorphism Bd (g) ~ 
K + Kp + Kv + Kpv ~ M2 {K) . We may choose basis of Vk such that the matrix 
expressions of uj* and p* acting on Vk are 

respectively. Indeed, this is possible because, as stated by the Skolem-Noether 
Theorem (cf. [49l Ch. I, Theorem 2.1]), all automorphisms of M2(-fi') are inner and 
we have O isT ~ M2{K) = K + KM5 + KM„i + KMsMm- 

Let N € GL2{K (^/d)) be the matrix expression of £ IIom(Ao, A^) with respect 
to this basis of Vk and its Galois conjugate of V^. Then N satisfies 

^^N , Mr,i-N = N ■ M^^^ = N ■ M„ , Ms ■ N = -N ■ A// = N ■ Ms , 

forr € Gk\Gl- Hence, N ^\fd(^^^ if . Fix cr in G^^y^), a ^ Gk- We 

have v"^ -v £ Aut(Ao,£o) = {±1}, thus TV- iV^ = ± id and /3 • /3'^ = l/d. Hence, the 
normal closure F of K{y/P)/Q is dihedral containing K{Vd) and F/Q{y/—d ■ 5) is 
cyclic. Let pp : Gk — > {il} be the surjective morphism such that kerp^ — Gj^^^y 
Attached to the cocycle p/^ £ iJ^(G/s-, {±1}) there is a polarized abelian surface 
{Ai, Ci) defined over K together with an isomorphism A : {Aq, Cq) (^1, £1) such 
that A'^ = A • P(}{t). We claim that (f) — ■ v ■ A^^ : Ai ^ AI is defined over K. 
Indeed, for any t £ Gk, 

Since a ■ t ■ a^^ ■ r^^ £ Gk(^) if and only if r G Gj^f^^y we obtain that cf)'^ — </>. 

Moreover, all endomorphisms of Ai are of the form A-iy9-A"^ with (p in End/f (Aq). 
These are all defined over K because {X-ip-X~^y = (5_a(r-T^^)A-(/3- A~^ = X-ip-X~^ . 

We therefore assume that 1/ is defined over K. 

Step 2: We show that (Aq, Cq) admits a model over Q with all its endomorphisms 
defined over K. 

We do so by applying Proposition l4.1l Since i''^ ■i' £ Aut(ylo, Cq), we have 1/'^ -ly — 
eid with e G {±1}- Using the same basis of H°{Ao, and H^{Aq, as 
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above, the matrix expression N E GL2{K) of i/ is such that Mm ■ N = N ■ = 
N -Mm, Ms- N ^-N ■ Ml = N -Ms.lt foUows that 

Hence, (3 ■ (3" = e. Since K is imaginary, e — \. Proposition 14. II appUes to ensure 
the existence of a polarized abehan surface [A, C) defined over Q and isomorphic 
over K to (Aq, £0). Since A ~ Ao over K , we obtain that there is an isomorphism 
l-.Od^ EndK(A). 

FinaUy, we show that EndQ(A) = Q(-ym). The triplets {A,i,C) and {Ao,lq,Co) 
are isomorphic and the assertion [A, e X^j^\^^ impHes that for every a G 

Gal(Q/Q) and a e R, i{aY = t(a) e EndQ(A). Hence l{R) C EndQ(A). Thus 
Q{y/m) = i? (g) Q C EndQ(yl) C End^(A) = Bd- Since the only two subalgebras 
of Bo that contain Q(y^) are and Bd themselves, and the latter can not 

occur by Proposition l3.1i we obtain that EndQ(A) = Q(-ym), as we claimed. □ 

Remark 4.6. Let (A, C) be a polarized abelian variety over a number field K 
and let Kq Q K he its field of moduli. Assume that Aut(v4,£) ~ {±1}- Then, 
Proposition l4.1l can be rephrased in the language of cohomology of groups as follows. 
Let Br/fo — H^{Gal (Q/iiTo), Q ) denote the Brauer group of Kq. For any choice of 
isomorphisms {^^a:Cr E Gal{Q/ Kq)} as above, the map 

c: Gal (Q/-^o) X Gal (Q/i^o) ^ Q* 

(cr, r) 1-^ fJ-r- fJ-ar 

produces a well-defined continuous cocycle ^{A,£) e BrifQ[2] in the 2-torsion sub- 
group of Byko- It is easily checked that different choices of fi^ for a € Gal (Q/Kq) 
lead to cocycles that differ from a coboundary. Proposition 14.11 says that {A, C) 
admits a model over Kq if and only if ^{A,£) = 1 € Bri<-(,[2]. By class field theory 
(cf. [45l Ch. X, §4, §5, §6]), there is a natural identification between Byko [2] and the 
group {Ako,(^), where we let Akq denote the set of isomorphism classes of quater- 
nion algebras over Kq. Upon this identification, the proof of Theorem 14.51 shows 
that if {A, L : Od EiidQ(A), £) is a polarized abelian surface over Q with quater- 
nionic multiplication such that the field of moduli of {A,l\r : R ^ End-^{A),C) is 
Q for some order R d Od, R^Q^ Q(v^) , then the field of moduh of {A, i, C) 
is an imaginary quadratic field K = Q{\/—S) and (_{A,C) = Bd (8" ( ^q™ ) in BrQ. 

Motivated by the above result, we make the following definition. 
Definition 4.7. The subset of descent points of X^j^\Q) is x'j^\Q)d :— 

{Q e X^^\qUh : ^m\Q) C XDm^5)),BD ^ (^^) for some 6 > 0}. 
Set Trn ■■= #X^D^ (Q) , rhm := i^x'^o^ , rd„, := #A|r) (Q)d . 

Note that and rd^ may be +00. The proof of Theorem 14.51 actuallv yields 
more information. Let (Z?, m) be a premodular pair over Q. One may wonder how 
many abelian surfaces A/Q exist up to isomorphism such that EndQ(A) = Q(-ym) 
and EndQ(A) = Od- We make this precise in what follows. 
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Definition 4.8. Let Q(D,m){Q) denote the set of Q-isomorphism classes of abelian 
surfaces A defined over Q such that F,ndq{A) ~ Od and EndQ(A) = Q(y^). 

As in Section 3, let Wd denote the Atkin-Lehner group acting on Xd- For a 
premodular pair {D,m) over Q, let WD,m = ^Dlk^m)- As stated in (25] Proposi- 
tion 3.2.2] or [501 Proposition 5.5], the fixed points of an Atkin-Lehner involution 
w e Wu acting on Xu are Heegner points. Hence, the group Wo^m is naturally a 
subgroup of AutQ(Ar|^'') which freely acts on the set X^\Q)d- 

Theorem 4.9. Let (D,m) be a premodular pair over Q. There is a canonical 
one-to-one correspondence 

Q(D,™)(Q) ^ WD,n\X^D\Q)d 

and hence, if D = pi ■ ... ■ p2r, then 

Proof. Let [A\ G Q(_D,m)(Q) represented by an abelian surface A defined over Q. 
In Part I of the proof of Theorem 14.51 we show how can one attach a point Q £ 
X^\Q)d. Since, as explained in the last two paragraphs of Section [2TT1 the group 
WD.m acts on Q — [A, C] by fixing the isomorphism class of A and switching l 

and £, we deduce that A produces a well-defined point in WD,m\x'^\Q)d. The 
inverse map from WD.m\X^j^^^\Q)d onto Q(D.m)iQ) is constructed in Part II of the 
proof of Theorem 14.51 and for the same reason as above it does not depend on the 
choice of Q € X^\Q)d in its orbit under the action by WD,m- ^ 

Corollary 4.10. Let D > 546. Then there exist only finitely many Q-isomorphism 
classes of abelian surfaces A of Glj2-type over Q such that EndQ(A) c^i Od- 

Proof. For a given discriminant _D, assume that there exist infinitely many 
abelian surfaces A of GL2-type over Q up to isomorphism over Q such that EndQ(A) 
~ Od- According to Theorem 11.41 (i) and Theorem 14.91 there exists some m \ D 
such that A"!^^-* has infinitely many rational points over Q. Since the degree of 
the map 7r,„ : AT/j^xj^'' is 2, this implies that Xd has infinitely many quadratic 
points. As is shown in 138:, Theorem 9], the largest such discriminant is D — 546. 
□ 

Remark 4.11. One can check [38l Table 3] to find out which is precisely the list 
of discriminants D for which we can claim that Corollary 14.101 holds true. 

As a refinement of the above considerations, we wonder for which pairs {D, m) 
there exists a curve C/Q of genus 2 such that the Jacobian J(C) has multiplication 
by Q_{\/rn) over Q and quaternionic multiplication by Od over Q. 

Corollary 4.12. Let K = Q{y/—d) be an imaginary quadratic field. Then, there ex- 
ists a curve C/Q defined over Q such that EndQ( J(C)) ~ Qi^/rn) and End/f (^(C*)) 
~ Od if and only ifT:m{XD{K)) n X^^\<Q)nh + and 
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Proof. By Theoreni l4.5l there exists an abelian surface A/Q such that EndQ(A) ~ 
Q(V^) and EndA:(A) ~ Od if and only if 7r,„(Xc(-ftr)) n x};"^(Q)„ft ^ and 
Bd — . By Lemma 14.31 A admits a principal polarization over Q if more- 

over Bd ^ (^^)- The resuh now follows because as is well-known (cf. e. g. pTl 
Theorem 3.1]), an absolutely irreducible abelian surface A/Q is the Jacobian of a 
smooth curve C/Q of genus 2 if and only if A is principally polarizable over Q. □ 

Next, we illustrate the above results with several examples. 

Example 4.13. In [531 Lemma 4.5], Hashimoto and Tsunogai provided a family of 
curves of genus 2 whose Jacobians have quaternionic multiplication by Og. These 
families specialize to infinitely many curves defined over Q. However, one can 
not expect that to be always possible for a discriminant D even when there is an 
Atkin-Lehner quotient JT^J"-* — Pq. As we pointed out in Section [U computations 
due to Hasegawa |23j exhibit Bn as a modular quaternion algebra. This is indeed 
possible because X^4^'' ~ Pq but there does not exist a curve C/Q of genus 2 whose 
Jacobian J(C) is of GL2-type over Q and has quaternionic multiplication by On 
over Q, because S14 ^ (^), (^) nor (^^). 

Example 4.14. An affine equation of the Shimura curve Xg is + + 3 = 
(cf. Table 1) and the action of wq on this model is {x, y) ^ {—x, y). We have xf'' ~ 
Pq and there exist infinitely many points on Xq{K), K = 21), mapping to a 

rational point on x'^\ Regard Xq as the coarse moduli space attached to Poe-i^ 
for some G Og such that ^^-1-6 = 0. As stated in [25, Theorem 1.4.1], the points 
P S Xq{K) are represented by principally polarized abelian surfaces P = [A^i^C] 
with quaternionic multiplication. Since K splits i?g, we can assume by [25j Theorem 
2.1.3] that (A, £) are defined over K. Moreover, since the class number h{K) > 1, 
we know by [25] Theorem 3.1.5], [20, Theorem 5.11] that there are no Heegner points 
on Xq{K). As explained in Section 2.1, this means that the abelian surfaces A are 
absolutely irreducible. Finally, we have tfg(P) = a;g[A, (,, £] — [A, Lfi, C] by [4T1 
Theorem 3.5] (cf. also ^ Section 7, p. 273]). Since weiP) G X^^\q), this implies 
that {A, C) are isomorphic to their Galois conjugate {A'^ ,£'^), for Gal {K/Q) = {a). 
However, since ( ~ (j'^ ) 9^ -^6j we conclude by Theorem l4.5l that there does not exist 
a model of {A,C) defined over Q. 

Example 4.15. Let / be the newform of 5'2(ro(243)) with g-expansion 

f = q + V6q^ +4q'^ + ... . 

The modular abelian surface A f obtained as an optimal quotient of the Jacobian of 
Aro(43) satisfies that Endx(^/) is a maximal order of the quaternion algebra i?g, 
where we let K = Q(-\/— 3). By [39l Theorem 7.1] we know that there is a single 
class of principal polarizations £0 on Af /K up to Q-isomorphism. Hence Af iS) K 
is the Jacobian of a curve C/K. Since £0 is isomorphic to its Galois conjugate £q , 
it follows that Co is isomorphic to Cq but, although its Jacobian Jac(Co) — Af^K 
admits a projective model over Q, the curve Co can not be defined over Q because 
Be (— ^)- In fact, by using similar methods to [H], we obtain the following 
equation for Co: 

2/2 = (2 -f 2\/^)xS + 12(-3 + y/^)x^ - 12(3 + 7y/^)x'^ + 4(69 + 7y/^)x^ + 
8(-ll + 7y/^)x^ - 18(1 + 5V^) + 12(2 + V^). 
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It can be checked that its Igusa invariants are rational and there is a morphism 
I' : Co ^ Cq defined over K such that i/"' ■ i' is the hyperelhptic involution. 



5. Rational points on quotient Shimura curves ' of genus < 1 

The set of rational Heegner points X^^\Q)h on an Atkin-Lehncr quotient of 
a Shimura curve is finite and its cardinality rhm can be computed by using the 
following formula, which stems from the work of Jordan on complex multiplicatiorQ. 

Proposition 5.1. Let D = pi ■ ... ■ p2r and let m\D. For i — 1 or 2, let us denote 
by TZi the set of orders of imaginary quadratic fields whose class number is i. For 
any R G TZi, set pn — 2 when disc (i?) — —2''" and pji to be the single odd prime 
dividing disc(-R) , otherwise. The number rhm is given by the following formula: 

22'-i#{i? e 7^l : (f ) = -1 for all p,\D} + 

2^-^#{Ren,:pR\D,(^f^^-lfor all p^f^} + 

e 7^2 : 2L> = - disc (i?)} ,ifm^D, 

T-^#{R en,:pn = ^} + #{R e 7^2 : S Q*^ + 

i^ip:i#{i?e7^2:2I? = -disc(i^)} ,*/TO=f, 

otherwise. 

/R^ f(-) ifp]cond(R) 
where { — ) = ■{ p is the Eichler symbol. 

P \l ifp\cond{R) 

Proof. This is a direct application of Proposition 5.5 and Corollary 5.13 of [5D]. 

□ 

In any case, < rdm < f m — rhm. The condition — rhm implies rdm — 
and allows us to claim the non existence of an abelian surface v4/Q with EndQ A = 
Q(-v/to) and End^A = Bd- Proving the existence of such an abelian surface, i. e. 
rdm > 0, requires the knowledge of an equation for Xjj and the action of ujm on it. 

There are exactly twelve Shimura curves Xjj of genus g < 2. For all of them, 
D = p ■ q with p, q primes and affine equations for these curves are known (cf . [19) , 
|20j . [57], [IH])- For these equations, the Atkin-Lehner involutions u!p,ujq,LUp,q act 
on the curve, sending {x,y) to (—x,y), {x, —y) and {~x,y) in some suitable order. 
The next table shows equations, genera and the actions of ujp and ujq for these 
curves. 



"^To be precise, the work in 1251 Ch. 3] restricts to complex multiplication by the full ring of 
integers in imaginary quadratic fields. Since there exist nonmaximal orders of class number 1 or 
2, one actually needs to apply the statements of |20l Section 5]. 
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D =p - q 


.9 






^qix,y) 


Z ■ 6 


U 


a; +1/ + J = U 




( x,-y) 


z ■ a 


U 


a; + y + z — u 


( 2;, -y) 


{-x,-y) 


2 • 11 





+ + 11 = 


(-x,-y) 


( x,-y) 


2 • 7 


1 


(a;^ - 13)^ + 7^ + 2?/^ = 


{-X, y) 


{~x,~y) 


3-5 


1 


(a;^ + 3^)(a;^+3) + 3y^ = 


{-x, y) 


{-x,-y) 


3 • 7 


1 


- 658a;^ + 7" + 7t/^ = 


(~x,~y) 


{-X, y) 


3 • 11 


1 


+ 302:^ + 3« + 3y^ = 


y) 


-y) 


2 • 17 


1 


3x4 _ 26x^ + 53a;2 + 262: + 3 + = o 






2 • 23 


1 


{x^ - 45)^ + 23 + 2?;^ = 


(-2;, y) 


{-x,-y) 


2 • 13 


2 


= -2x*^ + 19a;4 - 24a;^ - 169 


{-x,~y) 


{-X, y) 


2 • 19 


2 


j/^ = -16x^ - 59a;-* - 82a;^ - 19 


i-x,-y) 


{.-X, y) 


2 • 29 


2 


2y' = -x" - 39x* - 431a;^ - 841 


i-x,-y) 


( x,-y) 



Table 1. Equations and Atkin-Lehner involutions on Shimura curves 



Unfortunately, the construction of the above equations does not allow us to 
distinguish the rational Heegner points among the rational points on the curves 
X^^\ unless they are fixed by some Atkin-Lehner involution (however, for D = 6 
and 10, cf. [Hj). This forces the proof of next theorem to be more elaborate. 

Theorem 5.2. For the twelve values of D as above, the triplets {r,n,rhrmrdm) 
take the following values: 



D =p-q 


{rp,rhp,rdp) 


{rq,rhq,rdg) 


{rD,rhD,rdD) 


2 • 3 


(cx3, 1, 00) 


(00, 1, 00) 


(00, 8, 00) 


2 • 5 


(00,2,0) 


(00, 2, 00) 


(00, 11, 00) 


2 • 7 


(0,0,0) 


(6,2,4) 


(00, 8, 00) 


2 • 11 


(cxi, 2, 00) 


(00, 2, 00) 


(00, 8, 00) 


2-13 


(1,1,0) 


(3,1,0) 


(00,10, > 0) 


2 • 17 


(0,0,0) 


(0,0,0) 


(00, 8, 00) 


2 • 19 


(1,1,0) 


(3,1,0) 


(oo,8,> 0) 


2 • 23 


(0,0,0) 


(2,2,0) 


(00, 8, 00) 


2 • 29 


(1,1,0) 


(^,2,>0) 


(00,13, > 0) 


3 • 5 


(00,2,0) 


(4,4,0) 


(00, 10, 00) 


3 • 7 


(2,2,0) 


(0,0,0) 


(00, 10, 00) 


3 • 11 


(0,0,0) 


(2,2,0) 


(00, 10, 00) 



Table 2. Rational, Heegner and descent points 



Proof. We split the proof in three parts according to the genus g of Xd . 

Case g — 0. In all these cases the equation is x'^ + y'^ = — rf, for some prime d\D. 
For each pair {D, m), the points on Xd{\/—S) of the form (a, b\/—S), {b\/—S, a) or 
{a\/—S, b\/—S), with a, 6 € Q and a square-free integer S > 1, are the only afhne 
points on X]j(Q{\/ —S)) which may provide rational points on Ar|^"''(Q), depending 
on whether ujm maps {x,y) to either {x,—y), {—x,y) or (— .t,— y). Let (•, •) denote 
the global Hilbert symbol over Q. When uj,n{x,y) — (x, — y) or {—x,y), such 
rational points exist if and only if ((5, —d) — 1. Similarly, when ^^(a;, y) — {—x,—y), 
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there exist points on XoiQW^S)) which project onto a rational point on Xj^^'{Q) 
if and only if (—1, d- S) ~ 1. It is easy to check that, for all pairs {D, m) ^ (10, 2), 
these conditions and the descent condition of Theorem 14.51 have infinitely many 
solutions for 5. If we let I be a prime number, we may take 5 as follows. 



{D,m) 


5 


Conditions on I 


(6,2) 


31 


I = 1 (mod 8) 


(6, 3), (6, 6) 


I 


I = 1 (mod 24) 


(10,5) 


21 


I = 1 (mod 20) 


(10,10) 


21 


I = 1 (mod 40) 


(22,2) 


III 


I = 1 (mod 8) 


(22, 11), (22, 22) 


I 


/ = 1 (mod 88) 



For the pair (10, 2), we have d = 2 and the condition {6, —2) — 1 implies 5 /f(5 and 
thus {—^) 9^ BiQ, since (—(5,2)5 = 1. Moreover, the two points (1 : ±\/—l : 0) at 

(2) 

infinity on the curve Xiq produce a rational point on X^q which is Heegner because 
its preimages are fixed points by the Atkin-Lehner involution uj^ . We conclude that 
for D = 10, rd2 = despite r2 = oo. 

Case g — I. Let us first consider the cases for which m ^ D. Note that ujrn does 
not act as {x,y) i— > {—y,x). 

Assume first that D ^ 34. Then, the genus of xj^"-* is zero except for the cases 
in which ujm maps {x,y) to (— x, — ?/). The latter holds for the pairs {D,m) — 
(14, 7), (15, 5), (21, 3), (33,11) and (46,23), and in these cases g{X^D"^) = 1. To 

be more precise, the curves X^^ are elliptic curves over Q and there is a single 
isogeny class of conductor D in each case. Their Mordell-Weil rank over Q is 
and the orders of the group of rational torsion points on them are 6, 4, 2, 2 and 
2, respectively. Only for the pair {D,m) = (14,7) do we have > rhm- But 
in this case, the two rational Heegner points can be recognized from the affine 

(7) 

equation of the curve X^^ because they are fixed points by some Atkin-Lehner 

(7) 

involution. It then turns out that the four rational non-Heegner points on X^^ are 
the projections of the points (±8v^, ±56v^), (±2^/^, ±14\/^) G Xii{Q). 
Since 5=1,2 satisfy the descent condition, we have rdr = 4. 

When ujm acts as (x^y) i~> {~x,y), we have rm — except for [D,m) = (15,3). 
The afhne equation {X + 2,^){X + i) + 3y^ = for xf^ shows that there are 
no rational points at infinity on this model. Moreover, it turns out that for all 
(X, y) g x|g^(Q), the 5-adic valuation of the X-coordinate is v^{X) = 0. Since 
5 = -X (mod (Q2)^ we have 5 /[5. Thus, (^) 9^ B15 because (-(5,3)5 = 1- It 
follows that rd'i = 0. 

Finally, let us consider the particular case D = 34. The equations of the curves 
X34'' and x'^P are 

+ 3^" - 2&u^ + 71^2 - 104m + 236 = , + 'iu^ - 26u + 59 = , 

respectively, where u — x — l/x, v = y{\ + l/x"^) and z = yjx. Hence, x'^^ {M.) = 
and X^^'^ (R) = and we obtain that = in both cases. Note that this also 
follows from Proposition l3.4l 

We now consider the case m ^ D. We have ujm. ■ {x, y) ^ {x, —y) and the 
curve admits an afhne model of the form f{x) + dY — 0, where f{x) G Q[x] 
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is monic of degree 4 and ( ) ~ Bo. A point {xo,Yq) G X^j^\q) satisfies the 
descent condition if and only if (/(xq), D) = 1, that is, f{xo) = uq — Dvq for some 
uo,vo € Q. Hence, the descent condition for {xo,Yo) turns out to be equivalent to 
the existence of a rational point on the algebraic surface Sd ■ f(x) = — Dv^ 
with X — xq. For D = 14, 15, 21, 33, 34 and 46 we have the following rational points 
on Sd- {xo,uo,vo) = (4, 24, 4), (1,44, 8), (1, 944, 192), (8, 145, 16), (9, 113, 18) and 
(4, 408, 60), respectively. The elliptic curves Ed ■ f{x) = v? — Dvq have at the least 
three rational points: two rational points at infinity and the afhne point {xo, uq). It 
can be easily checked that, for the above values of D, the rational torsion subgroup 
ED,tors{'Q) of Ed is of order 2, except for D = 34, when i?D,tors(Q) has order 1. We 
conclude that the Mordell-Weil rank of Ed{Q) is greater than and thus rd-D = oo. 

Case 5 = 2. The three curves Xd are bielliptic. In Cremona notation [9, Table 
1], the three elliptic quotients Xd/{u!2) are 2652, 38i?2, 58i?2, while X26/ {llJis), 
X3s/{ljiq), X<^^/{loz^) are 26^1, 38A1 and 58A1, respectively. 

For the three curves , we have r/12 = r2 and hence the pairs {D,2) are not 
premodular over Q. For (26,13) and (38,19), the single rational Heegner point 
corresponds to the projection of the two points at infinity because they are fixed 
points by u)2- The preimages of the other two rational points are (±\/~5, ±26) and 
(±V— 5/2, ±19/4) for D = 26 and 38 respectively. In both cases (—5, (7)5 = —1 and 
hence rdq = 0. For the remaining cases, we have r,„ = 00 and we can easily find 
rhm + 1 rational points on xj^"-* satisfying the descent condition. □ 

When D is large enough so that the genus of Xd is at least 3, we know no 
explicit equations describing Xd and Theorem 14.51 can not be directly applied. 
For those pairs {D,m) such that x|7*'*(Q) ^ 0, one can still show that {D,m) is 
not premodular over Q provided X^^ (Q) is a finite set and one can prove that 
X}7^(Q) = x'j^\Q)h. The cardinality of ^^^^(Q)^ can be computed by Proposi- 
tion [5Tl whereas the computation of |X^^(Q)| is a much more difficult problem. 

There exist several Atkin-Lehner quotients xjj"'* which are elliptic curves over 
Q. It readily follows from comparing this table with [9^, Table 1] that six of them 
are elliptic curves of rank zero (cf. 37, Table 6.4] for the complete list together with 
Weierstrass models for them)0. Namely, these are -^35', -''^loe^ "'^115''' -'^iis'' 

and ^202^'' > which correspond to the elliptic curves 35^41, 51^42, 106I?1, 115A1, 
118Z31 and 202Ai respectively. In all cases but (35, 7) the number of rational points 
is rm — I- Thus rhm = 1 since — rh^ is even whenever < 00. In particular, 
we get rdm = and thus (51,3), (106,53), (115,23), (118,59) and (202,101) are 
not premodular over Q. We can claim nothing about (35, 7), since = 3, rh^ — 1 
and there is not an explicit equation for at our disposal. 

Combining the above with Theorems 14.91 and 15.21 together with those pairs 
exhibited in the last paragraph of Section 3, we obtain Theorem 11.41 (iii-iv-vi-vii) 
for all pairs but a few ones which deserve more attention: namely, those (D, m) 
such that xjj"'' is a curve of genus 2 and x'^\q) ^ 0. Computing the full list of 
rational points on these curves is a harder task that we address in the next section. 

■^Table 6.4 in 1371 contains a mistake: The list of elliptic curves over Q tabled there is 

17) (3) (23) 

not complete, as , ^51 and Xj^s missing. Indeed, these elliptic curves are 35A1, 51A2 
and 115j41, respectively. This error was also reproduced in |38l Table 2], where it was wrongly 
claimed that these curves failed to have rational points over Q5, Q17 and Q5, respectively. 
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D 


m 






91 


D 


Y'^ = + 19X4 - 3X^ + 1 


(0,±1),(±1,±4),(±3,±28) 


123 


D 


-9X'* + 19X4 + 5X^ + 1 


(0,±l),(±l,±4),(±l/3,±4/3) 


141 


D 


Y'^ ^ 27X^ - 5X4 _ YX'^ + 1 


(±1, ±4), (±1/3, ±4/9), 
(0, ±1), (±11/13, ±4012/2197) 


142 


2 


Y^ = -16X^- 87X4 - 146X^-71 





142 


D 


Y^ = 16X« + 9X4 _ iQx^i + 1 


±cx3, (0, ±1), (±1, ±4), (±1/3, ±4/27) 


155 


D 


Y'-' = 25X'^ - 19X4 + IIX^ - 1 


±cx3,(±l,±4),(±l/3,±4/27) 


158 


D 


= -8X« + 9X4 ^^x'^ I 


(±1, ±4), (0, ±1), (±1/3, ±44/27) 


254 


D 


Y'-" = 8X« + 25X4 - 18X^ + 1 


(0,±1),(±1,±2),(±2,±29) 


326 


D 


= X« + 10X4 - 63X^ + 4 


±00,(0, ±2) 


446 


D 


= -16X^-7X4 + 38X^ + 1 


(0,±1),(±1,±4) 



Table 3. Rational points on the bielliptic X)^ oi genus 2 



6. Covering techniques on bielliptic Shimura curves X]^' of genus 2 

It was shown in 19t Proposition 4.2] that there exist exactly ten Shimura curve 
quotients xj^"'' which are bielliptic of genus 2. Applying Proposition lS.li the triplets 
{D,m,rhm) are (91,91,10), (123,123,10), (141,141,10), (142,2,0), (142,142,10), 
(155, 155, 10), (158, 158, 10), (254, 254, 8), (326, 326, 4) and (446, 446, 6). 

In this section we study the set of rational points on these curves. We first 
list the Q-rational points on each xj^'' which are easily found by a short search. 
Table 3 lists some small rational points on the bielliptic curves X^) of genus 2. 

In this section, we show that Table 3 lists all rational points for each X^\ 

(2) 

The case D — 142, m = 2 is straightforward: there are no points in Xj;42(K) from 
which it follows that there are none in Xl^2{Q). For the other values of D,m, 
each X^^^ has points everywhere locally and so cannot be resolved in this way. We 
first recall the techniques from P].[5].[T5].[16j.[T7j. which we summarize here in a 
simplified form adapted to the curves xj^''. The fact that each x]^'"'' is bielliptic 
allows a specialized version (cf. [15]) of the same ideas of [6]; similar methods are 
available for arbitrary hyperelliptic curves, as described in [4] and [5]. Each of the 
curves xj^"^ is of genus 2 and of the form 

Any such curve X^J"-* has a map (X, F) ^ (X^,y) from X^J"-* to the elliptic 
curve ^ hw^ + hw^ + fiw + k, and map (X,y) ^ (l/X^F/X^) from xj^™^ to 
the elliptic curve — fox^ + fiX'^ + f2X + fs- The Jacobian of X^^"-* is Q-isogenous 
to the product of these elliptic curves over Q which, in all of these examples, each 
have rank 1 (and no nontrivial torsion). It follows that Jac(x|^'')(Q) has rank 2, 
and so Chabauty techniques [7| cannot be used, since they only apply when the 
rank of the Mordell-Weil group of the Jacobian is strictly less than the genus of the 
curve. It is therefore necessary to imitate the technique in [15j . which we briefly 
summarize here in a simplified form suited to these examples. We first fix one 
of the above two elliptic curves - it does not matter which one; we shall use the 
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latter elliptic curve, since the resulting models will typically be slightly simpler. 
Define e'^j^\ {xq, Zq), 0, t as follows. 

(1) i?lr^ : = fo^^ + fi^^ + .f2^ + /3, 

(2) (a;o,Zo) generates 

(3) : XIT^ ^ E^^^ : {X, Y) ^ Y/X'), 

(4) t:= root oi hx^ + hx" + f2X + 

so that £;^"^(Q)/2£;^™\(Q) = {oo,{xo, Z^))}. Suppose that {X,Y) e xj7^(Q). 

Then, applying cf), we let x = l/X'^ and Z = Y/X^ so that {x,Z) e £;^"-'(Q). 

We recall the injective homomorphism ^ : i;^"^(Q)/2i;|^"^((Q)) Q(i)*/(Q(t)*)^ 
defined by /i(oo) = 1 and fi{(x,Z)) = fo{x~t) from [48, Chapter X, Theorem 1.1]. 
It follows that niix,Z)) equals either 1 or fo{xo - t) in Q{t)* / {Q{t)*f . Hence, 
either f^Z'^/{x-t) or {xo-t)Z'^ /{x-t) is a square. We can eliminate Z^ using (HI) 
and simplification yields: 

either f^U^x^ + [J^t + A)a; + (t^/o + i/i + ./2)) e mY? 

or (xo - t)(/ox2 + (/ot + /i).T + + t/i + e (Q(t)*)2. 

Note that we do not really need (xq, Zq)] we only need the square class of a;o~^- This 
can already be determined from the 2-Selmer group of e'^^^ , without computing an 
explicit generator of the Mordell-Weil group. In our examples, however, the curve 
E^^^^ has small coefficients and finding an actual generator is little more work. 

Since x — 1/ X^ is a square itself, we can multiply either quantity with x without 
changing its square class. Hence, we have shown that if {X^Y) S xjj"''(Q) then 
there exists y S Q(t) such that (x, y) = y) is a Q(t)-rational point on one of 

the curves 

(5) F^j!^^ : y^ = hx{hx^ + [ht + h)x + (i^/o + </i + 12)), 

(6) G^"*^ : = (a;o - t)x{hx^ + (/ot + fi)x + (t^/o + i/i + /2)). 

This gives a strategy for trying to prove that we have found all of it 
is sufficient find all {x^y) S F^™''(Q(t)) such that a; G Q and similarly for G^^\ 
This can be attempted using the techniques in H] , [S] , [TS] , [IS] , [H] , which apply local 
techniques to bound the number of such points. Since these articles already contain 
several worked examples of this type, we merely provide a brief sketch of one case, 
to give an idea of the general strategy, and to allow the reader to interpret the 
tabular summary given later. This will be followed by a description of any unusual 
features of difficult special cases. The full details of the computations are available 
at: 

http : //www. cecm. sf u. ca/~nbruin/ shimura/ 

Consider X^^^^^ : Y'^ = IQX^ + OX* - IQX^ + 1, where we wish to show that 
the only Q-rational points have X-coordinate cx), 0, 1, ±1/3 (we use oo, depending 
on context, as the notation both for the point at infinity and its X-coordinate). 
Then E^^^^^ of (P) is the elliptic curve V"^ = x^ - lOa;^ + 9x + 16 over Q, which has 
rank 1, with generator (xq, Vq) = (1, 4). Under [X, Y) ^ (l/X^, Y/X^), the known 
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points in (Q) map to (0,±4), 00, (1,±4) and (9, ±4) = 2(1, ±4) in £;}42 (Q)- 

Letting t be the cubic number satisfying — lOt^ + 9t+16, the curves (O,® become 



Our known points in E[\f>{Q) induce 00, (0, 0), (9, ±(3^^ - 15i)/4) e {Q{t)) 
and 00, (0,0), (1, ±4) e 6*^42^^ (Q(i)). It is sufficient to show that there are no 
other points {x,y) in F^lf\Q{t)) or 6*^42^^ (Q(0) for which x G Q. Note that, 
in each case 00, (0,0) give the entire torsion group, and so we have a point of 
infinite order. Furthermore, a standard complete 2-descent or 2-isogeny descent, as 
recently implemented by N. Bruin in Magma [30 (or for an older version, see [3j), 
gives a Selmer bound of 1 on the rank, and so both -^142^'' (Q(i)) or ^^42^'' (Q(i)) 
have rank 1. 

Consider, for example, the second curve G142. One can easily check with finite 
field arguments, that R = (0, 0) + 4(1, 4) e (7142 (Q(i)) is in the kernel of reduction 
modulo 3, which is inert in Q{t)/Q (so that (R) is of finite index in Gi42{Q{t))), 
and can check that (i?), (0, 0) + (R), (1, 4) + (i?) and (1, -4) + (R) and the only 4 
cosets containing possible {x,y) G 6*^42^ (Q(t)) for which x G Q (note that, al- 
though (0,0), (1,4) do not generate G'i42(Q(i)), we do have that (0,0), (1 ~t,t^ ~ 
t - 4) generate Gi42(Q(i)) and that (1,4) = (0,0) + 2{\ - t,t^ - t - 4), so that 
(0, 0), (1, 4) can be treated as if they are generators for the purposes of our 3-adic ar- 
gument). This means that we only need to consider [x, y) = nR, (0, Q)+nR, (1, 4) -|- 
ni?, (1, —4) -I- nR, for n G Z3, and it is sufficient in each case to show that n = is 
the only case where x € Q. Using the formal exp and log functions in the 3-adic 
formal group [15j . we can express nR as exp(ri • log(_R)) and deduce that 



l/(x-coordinate of nR) = 8 • S^n^ -|- (2 • i'^n'^ + S^n'^)^ + + Z^n'^)t^ (mod 3^^), 



where each coefficient of a power of t is a power series in n defined over Z3 whose 
coefficients converge to 0. If x G Q then the coefficients of t and must be 0. 
Taking the coefficient of t, we have a power series n for which n = is a known 
double root, and for which the coefficient of n^ has 3-adic absolute value strictly 
greater than all subsequent coefficients of powers of n. It follows that n = is the 
only solution. A 3-adic analysis of (0, 0) -I- ni?, (1, 4) + nR, (1, —4) -I- nR also shows 
that these can only have Q-rational x-coordinate when n — Q. We know that the 
only (x,?/) € G^42^''((Q)(i)) with x G Q are the points with x = 00, 0, 1. Similarly, 
a 5-adic argument shows that the only {x,y) G F^^]^^\<[^{t)) with x e Q arc the 
points with x = 00, 0, 9, as required. 

These methods can be applied when the ranks of i^{j™^((Q)(t)) and G'^"^(Q(i)) are 
less than the degree of Q(t), that is, less than 3. Fortune is in our favour, since the 
ranks for these examples indeed all turn out to be 0, 1 or 2. Note that, in the above 
rank 1 example, there was information to spare, since either the coefficient of t or 
that of could be used to bound the number of solutions. For the rank 2 cases, 
one can still obtain a bound, but the information from both power series must be 
used. 

The following table summarizes the computations. 




x^ + {t- 10)x2 + (t^ - lot + 9)x, 

(1 - t){x^ + {t- 10)x2 + - m + 9)x). 
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D = m 


f''^^ and G^'^ 


r 


X eQ 


p 


91 


D 


y^ = 


+ {t- 3)a;2 + (^2 - 3< + 19)a; 


1 


00, 0, i 


5 


91 


Mm) 
D 


y^ = 


(1 - t) (x^ + (t- 3)a;2 + -st + 19)x) 


1 


00,0, 1,4 


5 


123 


pirn) 
u 


y^ = 


+ (t + 5)^2 + (^2 + 5t + 19)x 


1 


00,0,9 


5 


123 


D 


y^ = 


(1 - t) ix^ + (i + 5)a;2 + it^ + 5t + 19)x) 


1 


00, 0, 1 


7 


141 


p(rn) 
u 


y^ = 


x^ + {t- 7)a;2 + (t2 - 7i - 5)a; 


1 


cx),0,9 


7 


141 


D 


y^ = 


(1 - t){x^ + (i - 7)2;2 + {f -It- h)x\ 


2 


oo,0,l,i^ 


7 


142 


pirn) 
u 




a;3 + (i - 10)x2 + (f - m + 9)a; 


1 


00,0,9 


5 


142 


Mm) 
^ D 


y^ = 


(1 - t){x^ + - 10)x2 + (^2 _ lOi + 9)2:) 


1 


00, 0, 1 


3 


155 


pirn) 


y' = 


x3 + (t - ll)a;2 + (f - lit + 19)x 


1 


00,0,9 


7 


155 


Mm) 


y' = 


{t - l){x^ + {t- ll)a;2 + (<2 - lit + I9)x) 


2 


00, 0, 1 


3 


158 


T^im) 


y' = 


x^ + {t + 14)a;2 + (<2 + Ut + 9)x 


2 


00,0, 1,9 


5 


158 


Mm) 


y' = 


(-3 - t) (x^ + {t+ 14)x2 + (f2 + Ut + 9)x) 





00, 




254 


T^im) 


y' = 


x^ + {t- 18)x2 + (^2 _ 18< + 25)a; 





00, 




254 


Mm) 


y' = 


(1 - t){x^ + {t- 18)a;2 + (^2 _ I8t + 25)x) 


2 


oo,0,l,i 


5 


326 


T^im) 


y' = 


4(4a;3 + (4t - 63)x2 + (4*2 - 63f + 10)x) 


1 


00, 


5 


326 


Mm) 


y' = 


-t{Ax^ + {At - 63)a;2 + (4*2 - 63t + 10)a;) 





00, 




446 


T^im) 


y' = 


x^ + {t + 38)a;2 + {t^ + 38t - 7)x 


1 


00, 0, 1 


3 


446 


Mm) 


y' = 


(5 - t){x^ + {t + 38)a;2 + {t^ + 38t - 7)2:) 





00, 





Table 4. Summary of computations 



The second column gives the models for the curves F'^> and and the third 

column gives the rank over Q(i), where the cubic number t is as defined in In 
all cases, the torsion over Q{t) consists only of 00 and (0,0). The fourth column 
gives the list of all x e Q which are a;-coordinates of a point (x, y) on the curve and 
defined over Q{t); the final column gives a prime p such that a p-adic argument 
proves that no other such x G Q are possible. Of course, the rank cases are trivial 
and so no such prime is required. 

The computations referenced above verify the following theorem. 

Theorem 6.1. The curves X^^^ have no Q-rational points apart from those given 
in Table 3. 

We conclude with mention of a few special features of the computations. Recall 
that in the sketched worked example for the case D = m = 142, it turned out that 
the Selmer bound from a complete 2 descent was the same as the rank. However, 

for the six cases , Gg^"^^ , 0^12^'' ' -^155^^ > -^254''^ > ^326^^ ' this bound is two greater 
than the actual rank. In order to find a sharp bound, one can perform a complete 
2-descent on the 2-isogenous curve. It follows that in each of these cases there are 
elements of order 2 in the Shafarevich-Tate group over Q(t). 

In the other direction, there are two curves G^gg^^ and F^^\ where the group 
generated by images of the known points in xj^"'' (Q) is less than the actual rank, so 
one must search for the missing independent points of infinite order. For example. 
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the 2-Selmer bound on the rank of Gj^gg {Q{t)) is 2, and the images of the known 
points in X;[g5^-'(Q) give only cx3, (0, 0), (1, 4), of which only (1,4) is of infinite order, 
so that we are missing an independent point of infinite order. In this case, a naive 
short search discovers the required point ((i^ + Wt + 25)/4, 13t^ - lit + 10). The 
2-Selmer bound on the rank of ^"326^"' (Q(^)) 1j ^'^d the images of the known points 
in ^326^' (Q) do not give any points of infinite order, and in fact the required point 
is 

(t ti\ — /' 63540t^-1005167t+228495 90341332t^-1429154471t+325168047 \ 
y-^^y) \ 2888 ^ ' 109744 /; 

This could not be found by a naive search, and we needed to use the improved 
search techniques described in the appendix of [S], and recently implemented by 
N. Bruin into Magma [30, . 

As we explain in the last paragraph of Section 6, Theorem 16.11 completes the 
proof of Theorem 11.41 (iii-iv-vi-vii) . As we indicate at the end of Section 3, parts 
(i-ii) of Theorem 11.41 follow from Theorem 13.21 and Proposition 13.41 Part (v) is 
proved in Corollary 14.101 and this gives the full proof of Theorem 11.41 

From Theorem 16.11 and an analogue of Theorem 14.91 we can also derive the fol- 
lowing result. 

Corollary 6.2. For each of the pairs 

(D, to) = (141, 141), (142, 142), (254, 254), 

the number of Q-isomorphism classes of abelian surfaces A/Q that admit an embed- 
ding L : Q{^/m) ^ EndQ(A)), whose field of moduli is Q, and such that End^^A) ~ 
Od- cii^e 2, 1 and 1, respectively. 
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